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Abstract. Comparison of sequences that have descended from a common an-
cestor based on an explicit stochastic model of substitutions, insertidroete:

tions has risen to prominence in the last decade. Making statements about th
positions of insertions-deletions (abbr. indels) is central in sequertgeaome
analysis and is called alignment. This statistical approach is harder ¢aattgp

and computationally, than competing approaches based on choosidgran a
ment according to some optimality criteria. But it has major practical adgais

in terms of testing evolutionary hypotheses and parameter estimation.@asic
namic approaches can allow the analysis of up to 4-5 sequences. MGMC te
nigues can bring this to about 10-15 sequences. Beyond this, diffarkauristic
approaches must be used. Besides the computational challengeasingrreal-

ism in the underlying models is presently being addressed. A receribdevent

that has been especially fruitful is combining statistical alignment with thie-pro
lem of sequence annotation, making statements about the function oheach
cleotide/amino acid. So far gene nding, protein secondary structwgdigtion

and regulatory signal detection has been tackled within this frameworkhMu
progress can be reported, but clearly major challenges remain if thieagh is

to be central in the analyses of large incoming sequence data sets.

1 Introduction

Although bioinformatics has diversi ed enormously, céntaspects have a long his-
tory and could be viewed as classical bioinformatics. Thet k&ample must be the
application of string comparison algorithms to sequengnaient. This has a history
spanning the last three decades, beginning with the pioneeaper by Needleman and
Wunsch [1]. They used dynamic programming to maximise algiity score based on
a matching score for amino acids, and a cost function forriitseand deletions. In
1973 Sankoff and Cedergren generalised a distance minignggiproach to multiple
sequences related by a phylogenetic tree. In the last tteeadds, these algorithms
have received much attention from computer scientists and been generalised and
accelerated. A completely different approach to alignnveas introduced in 1994 by
Krogh et al. [2], who used Hidden Markov Models (HMMs) to describe a fanuof
homologous proteins. This statistical approach has proeeg successful, despite not



being based on an underlying model of evolution, or phylggeiMMs and their gen-
eralisations - Stochastic Context Free Grammars (SCFGs sihce become key tools
in bioinformatics, including evolutionary models.

In 1981 Smith and Waterman introduced a local similarityodtym for nding
homologous DNA subsequences that has so far remained tthstgoldard for the local
alignment problem [3]. In contrast to global alignmentsthpproach does not force the
entire sequence to be aligned but rather, the score of tipenadint is determined based
on local similarities. The main use of local alignment altfons is to search databases,
and in this context the Smith-Waterman algorithm has praeedslow. A series of
computational accelerations have been proposed, with RSB family of programs
being thede factostandard in this context [4].

At the same time that score-based methods were being dedklop sequence
alignment, parsimony methods were being used to solve thidgm of phylogenetic
reconstruction. The method of parsimony, which nds the imal number of evolu-
tionary events that explain the data, can be viewed as aapsse of score-based
methods. The key algorithms doing this were published bghHib] and Hartigan [6]
and since then implemented in a variety of programs. Ovelagtéwo decades the par-
simony method of phylogenetic reconstruction has receivegasing criticism, and it
has essentially been replaced by methods based on stadamastelling of nucleotide,
codon or amino acid evolution. This probabilistic treatinehevolutionary processes
is based on explicit models of evolution, and thus give rismmeaningful parameters.
In addition, these parameters can be estimated by maximketihibod or Bayesian
techniques, and the uncertainty in these estimates carab#gyrassessed. The key al-
gorithm for allowing calculation of the probability of obstng a set of nucleotides on
a phylogeny was published by Felsenstein in 1981 [7]. This¢®ntrast to score-based
methods, where the weight or cost parameters cannot bg eatiihated, or necessar-
ily even interpreted. Because this probabilistic treathwérphylogenetic evolution is
based on explicit models, it also allows for hypothesisngsand model comparison.

Despite the increased statistical awareness of the badbgommunity in the case
of phylogenetic inference, which is now fundamentally welas a statistical infer-
ence problem [8], the corresponding problem of alignmestriat undergone the same
transformation, and score-based methods still predomiimathis eld. However, re-
cent theoretical advances have opened up the possibiliysirhilar, statistical treat-
ment of the alignment inference problem. A pioneering pdyyefhorne, Kishino and
Felsenstein from 1991 [9] proposed a time-reversible Markodel for insertions and
deletions (termed the TKF91 model), that allows a propéissiizal analysis for two se-
guences. This model provides methods for obtaining pagrwiaximum likelihood se-
gquence alignments, and estimates of the evolutionaryrdistbetween two sequences.
The model can also be used to de ne a test of homology whicloigoredicated on
a particular alignment of the sequences. At present, thastést of global similarity,
and although analogues of local alignment methods arelestiey have not yet been
developed in the statistical alignment framework.

The three main types of mutations modifying biological satees are insertions,
deletions and substitutions. The TKF91 model is the sinigleaceivable model in-
volving these three types of mutations. In this model, thatms of a sequence evolve
independently and identically. Each character in the secpiean be substituted with
another character according to a prescribed reversibléncmus-time Markov model
on the possible characters. Insertion-deletions are rfestiek a birth-death process
with insertion and deletion ratesand! , where insertions occur between any two char-
acters or at the very beginning or end of the sequence. Theipaistatistical align-



ment problem is to calculate the likelihood of two sequereasdving from a common
ancestor under the TKF91 model or one of its extensions, ande solved in time
O(L4L>) [9, 10] whereL; is the length of sequende The related inference problem
of computing the most likely alignment relating the two sexgeces can be solved with
similar techniques.

The multiple statistical alignment problem is to calculgte likelihood of a set
of sequences, namely, what is the probability of observirsgtaof sequences, given
all the necessary parameters that describe the evolutisequiences. Generalising the
statistical pairwise alignment algorithm to many sequenpsoved considerably harder
than the corresponding optimisation problem. Mike Steblexbit for the special case,
when the sequences are related by a star tree [11]. This wasalised by Hein to a
binary tree [12]. This paper also showed that the TKF91 m®a®uld be described
by an HMM. Hein, Pedersen and Jensen in 2003 [13] further setaWat recursions
for statistical alignment posses a surprising asymmetmeinoving the rst and the
last column in an alignment, which is in sharp contrast tonoigation alignment. The
algorithm hasO(5"L") running time, where is the number of sequences, ands
the geometric mean of the sequence lengths. This has sieoarhproved t@Q(2"L")
by Lunteret al.[14, 15]. As an alternative to the time consuming exact ca@tmns,
MCMC methods were rst used by Churchill in 1997 [16] for gealealignment and
for TKF91 based alignment by Holmes and Bruno in 2001 [17].

2 The Basic Models

Traditional score based alignment models aim to rendervtbkigonary most plausi-
ble alignment optimal. However, this plausibility is notaqui ed as a distribution over
alignments. In their pioneering paper [9] Thorne, Kishimal &elsenstein proposed a
model (TKF91) for sequence evolution. The model is contirssime and allows inser-
tions and deletions (indels) as well as substitutions. @hises a distribution over all
alignments relating two sequences, enabling a propesttatianalysis of pairwise se-
quence homology. The model treats all events as indepersiegle-nucleotide events,
and is arguably the simplest continuous-time model for sage evolution under inser-
tion, deletion and substitution events conceivable. Thaamewhat naive, a major ad-
vantage of this simple model is that it can be solved anaif§icThe analytic treatment
can be formulated in terms of a hidden Markov model de ningf&to-right construc-
tion of sequence alignments with the correct distributidere we will rst describe the
TKF91 model and sketch the derivations leading to the HMNfalation of the model.
We then brie y introduce an extension to the TKF91 model,ated TKF92 [18], that
addresses the single nucleotide simpli cation by allowiman-overlapping indels of
any length. This extension is the statistical alignmenigent of the “af ne gap cost”
in the context of score-based alignment [19].
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Fig. 1. The TKF91 model view of the stringCATTCG. The immortal link is shown a8 while
the normal links are shown &as



2.1 The TKF91 Model

A single nucleotide substitution or deletion event willeadff a nucleotide, while an in-
sertion event will affect the space between two nucleotifiee TKF91 model captures
this by treating a nucleotide sequence as an alternatinig ofi@ucleotides andinks,
see Fig. 1. Insertions can occur at the very beginning andemdequence, so the chain
begins and ends with a link. The insertion-deletion proges®delled as a continuous-
time Markov process on such chains. Insertions originaten flinks and insert a new
nucleotide, drawn from the background distribution, anewa fink before the follow-
ing nucleotide. This happens with a rate,oat each link. Deletions originate from a
nucleotide and removes both the nucleotide and the follgwirk, and occur at a rate
1 at each nucleotide. Alternatively we can consider the m®es acting on letter-link
pairs that get inserted and deleted. Such models are knohintlagleath processes, as
we have two competing processes of birth and death of entilete that the model
leaves no way to delete the initial link, which consequeittlyalled the immortal link.
The immortal link prevents the empty sequence being a sinthfoprocess, as a new
sequence can be grown from the immortal link remaining dlffteiinitial sequence has
been completely deleted. This may appear to contradiothilo nihil t, but one should
keep in mind that nucleotide sequences usually appear in@ge context rather than
anked by empty space.

So far we have only discussed the insertion and deletiongbane TKF91 model.
Sequences can also change by substitution. This is modslledparallel continuous-
time substitution process, that allows each letter to bstguked with another letter. In
the original formulation Felsenstein's one-parameter eh@20] was used, but this can
be replaced with other substitution models without dif gulThe substitution process
can be dealt with independently by standard single nucleatibstitution model meth-
ods, so for the remainder of this section we will focus on tisertion-deletion part of
the process.

In the TKF91 birth-death process the number of entitiesetdink pairs, always
increases or decreases by one. This results in a state gitplin@ar topology which
is a suf cient condition for time-reversibility of the insgon-deletion process. Time-
reversibility is equivalent to detailed balance in the &btium distribution. In other
words, if we letgx denote the probability of drawing a sequence of lerdgflom the
equilibrium distribution, then
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as detailed balance requires the change from lekgtequences to lengthj 1 se-
quences to equal the change in the reverse direction; léngglguences haveletters
where a deletion event can occur and lenigth 1 sequences have links where an
insertion event can occur. It follows that
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pince thegc de ne a probability distribution over nite sequence lehgtwe also have
i:o 0k = 1. Combining, we obtain
H n Tk
&= 1li; 1 (3)



This only yields a well de ned distribution (in fact, geomietdistribution) for, <?*
which should hardly be surprising: a sequence of lerigtias overall insertion rate
, (k+1) (fromk + 1 links) and overall deletion raték (from k letters), so if, ,
the overall insertion rate will always exceed the overaletien rate and sequences
would grow inde nitely. Metzler introduced the Fragmentsértion-Deletion (FID)
models [21] that are generalisations of the TKF92 model.s€hmodels do not need
the constraint that should be smaller thah. In this way the stochastic process might
not have an equilibrium distribution. However, Metzler wleal that parameter estima-
tion is still possible in these models.

An alignment postulates a detailed relationship betweernrtividual nucleotides
in the sequences aligned. A column containing two nuclestgiates that these are ho-
mologousj.e. descend from the same nucleotide in a shared ancestralrsmques the
insertion-deletion process of the TKF91 model is time-rsie, if a time-reversible
substitution model is also used the entire process will kersgble. This allows us to
simplify the scenario such that we can assume that one segjegnlved into the other.
Assume now that we let the TKF91 process act on an initial secgl while keeping
track of the fate of each nucleotide in this sequence. Theoowt can then be sum-
marised in an alignment. Each nucleotide that survivedwitipeing deleted will be
homologous to a nucleotide, possibly modi ed by one or marestitution events, in
the nal sequence, and adding a column to the alignment datest by these two nu-
cleotides will re ect that. A nucleotide not surviving shdwbe aligned to a gap in the
nal sequence, while a nucleotide that arose through arrfisseshould be aligned to
a gap in the initial sequence. In this way the TKF91 model @s @a distribution over
all possible alignments of two sequences. Observe that pessible alignment will
usually correspond to an in nite number of possible higteriase.g.a nucleotide can
be subject to an arbitrary number of substitution events.

As the nucleotides evolve independently, the probabilitgrty particular outcome
is just the product of the independent probabilities of thécome concerning each
nucleotide in the initial sequence. So if we for a given tingan determine the proba-
bility of any particular outcome for a single nucleotide, van easily obtain the same
for a nucleotide sequence. For a given nucleotide in th@airsequence two aspects
will in uence its alignment contribution, namely whethdret nucleotide survived and
how many nucleotides it left in the nal sequence, eitheedily or through insertions
that can be traced back to its associated link. Furthernveeeglso need consider the
insertions that can be traced back to the immortal link. TdiWing table captures
the possible outcomes, the alignment block summarisingtbeme, and the notation
used for the probability of the outcome.

Outcome Alignment Probability
Nucleotide survives and adds; 1 new ones zi# ) (n=1:200)
Nucleotide dies but addsnew ones i#i#'_'_'_i# pN(t) (n=0;1::)
Immortal link addsn new nucleotides Zi#'_'_'_i# ph(t) (n=0;1;::2)

As previously mentioned, we only consider the probabilifyttee insertion-deletion

part of the TKF91 model. Hence nucleotides are represent@lynby the Felsen-
stein wildcard symbol #, cf. [17]. A surviving nucleotideliurther incur a factor of

the corresponding substitution probability in the subgitin model applied, and an in-
serted nucleotide will incur a factor of the correspondinglaotide probability in the

substitution model's equilibrium distribution. Exceptrfthe immortal link, the links

have been left out for clarity.



With this notation we can now set up differential equati@se called Kolmogorov's
forward equations, for the time-dependent outcome prdiiabj by considering the
rates at which we switch between different outcomes. Fdairtg, the equations for
the immortal link outcome probabilitigs, (t) are

%ph(t) = (1n + 1) ey (D + 0Py (D0 [N +(n+1), Io (1) (4)

2
l1forn=0

| —
P (0) = 0 otherwise

(5)

where for conveniencpiI ,(t) is de ned and equal to for all t. For timet = 0 no new
nucleotides can yet have been inserted. tFor O we end up withn new nucleotides
by either inserting an extra nucleotide from a state with 1 new nucleotides, or by
deleting a nucleotide from a state with+ 1 new nucleotides; we vacate a state with
new nucleotides by either deleting or inserting a nucleoti&imilarly

d
apﬂ (t)= ?1P R O+ (ni 1,pf ()i n+ ,)pf (1) (6)
2
H,~_ lforn=1
P (0) = 0 otherwise (7)

with 8t : p}l (t) =0 and

d £ o
ap# ()= (n+1)ps () + pRa () +(ni D,pg, ()i nC +,)py (tX8)
pN(0)=0 foralln (9)
with 8t : pM;(t) = 0.

These equations can be solved analytically [9], and usieddalfowing functions as
shorthands

1

_ 1j ebi™t — Dy _
[

It)=21i,(); B@®)=, ();HO=¢e"1i, (1)

the solution can be written succinctly as

P (1) = E(t) (10)
pY ()= N()B(@®)" * forn> 0 (11)
ph ()= H(H)B(®" * (12)
ph(t) = 1 (B ()" (13)

A key observation is that in all three scenarios, the faabouired for each column
corresponding to the insertion of a new nucleotide is thessamamelyB (t), regardless
of the number of columns already added. This observatiohdskey to the HMM
formulation discussed further in Appendix A.1.



2.2 The TKF92 Model

The main de ciency of the TKF91 model is that all events aeated as independent
single nucleotide events. It is well known that substitntiates are context dependent.
More severely, though, insertions and deletions rarelyoas single nucleotide events,
but rather as insertions or deletions of segments of nudiemitan issue originally ad-
dressed for score based alignment methods in [19]. In amptt® inch towards reality
Thorneet al.in [18] proposed a generalisation of their TKF91 model. Tdeseralisa-
tion, the TKF92 model, allows insertions and deletions ghsents with lengths drawn
from an arbitrary distribution. As pointed out in the pagbe TKF92 model still falls
short of reality by not allowing the inserted and deletechsewgts to overlap.

?— GCATTCG — o
?—=GC—0—A—0—TTCG—o

Fig. 2. Two of the 32 TKF92 model views of the strif@CATTCG. Fig. 1 presents a third view.

In our exposition of the TKF91 model we took the view that tieles originate at
nucleotides and also remove the associated link followiregdeleted nucleotide. One
can equivalently view this as a deletion of a normal link tidab removes the associated
nucleotide in front of it. The TKF92 generalises the link rebof sequences by splitting
a sequence intragmentsseparated by links, rather than single nucleotides. A nbrma
link will be associated with the preceding fragment, ancetliey) the link will also
remove the associated fragment. Similarly, when a link gy3aan insertion a fragment
rather than just a single nucleotide is inserted. Focusisiggn the links, the birth-death
process of the TKF92 model is identical to that of the TKF9IdeloHence, transition
probabilities for the link birth-death process has the saatgtion in the TKF92 model.
The distribution over fragment lengths and the single rutade substitution process
operate independently, hence the three elements are cediyrsimple multiplication.

The major weakness of the TKF92 model is that the link stmectsi not allowed
to change over time. A fragment can thus only be deleted ientgety. This is to
some extent alleviated by taking all possible fragmentatiof a sequence into account,
allowing any fragment of an initial sequence to be a candittatfuture deletion. How-
ever, inserted fragments cannot be partly deleted or deést@art of a larger fragment.
For example, the two event evolutionary histéry ACG! AGthat rstinserts two
nucleotides at the end of an initial sequence and then detete of them again is not
included in the TKF92 model. Still, the model offers a sigrant improvement in re-
alism over the TKF91 model. Moreover, when a geometric itistion is assumed for
fragment lengths, inference under the model remains asesft@s under the TKF91
model [18] by an algorithm structurally similar to Gotohlgarithm [19]for af ne gap
cost in score-based alignment.

3 Applications

3.1 Inference of Phylogeny

It is well known that the score based multiple alignment radghintroduce more vari-
ance into the phylogeny analysis than the tree-buildinghodg themselves [22, 23].



The proper scoring of a multiple alignment could be giveryainthe phylogenetic tree
on which the analysed sequences are related were known e@tttér hand, the plylo-
genetic tree of the sequences needs an alignment of thersmgudo break out from
this chicken-egg problem, the co-estimation of alignmert phylogeny would be de-
sirable. The multiple statistical alignment approach mes and excellent framework
for such a co-estimation. Indeed, to de ne a joint Bayesietrithution of alignments,
trees and evolutionary parameters, all is needed is somiegoor distribution of trees
and evolutionary parameters. Such priors for trees andigenobry parameters are de-
ned in several manuscripts, for example [24, 25], or thedexa might also consult
with [26].

Once the Bayesian distribution is de ned, a Markov chain kéo@arlo approach
can be used to sample from the posterior distribution ohatignts, trees and evolution-
ary parameters. The uninteresting coordinates might bginalised from the distribu-
tion, for example, if the user is interested in only the plggoies, then the alignments
and evolutionary parameters might be marginalised. Invilaig, a set of sampled evo-
lutionary trees might be generated. This set of trees mightummarised in several
ways. One of the most informative analyses is the conserstugrk, see for exam-
ple, Fig. 3. The consensus network contains allgpktsthat have been sampled with
a probability greater than or equal to a prescribed threshokplit is a bipartition of
the set of species involved in the analysis. On a phylogemetiwork, a split is repre-
sented by one or more parallel edges of the network. Paealtgts appear when there
are con icting splits in the Bayesian ensemble. Such coatinig splits are described
with rectangles, cubes or hypercubes. When all but one dimeio$ the hypercube is
collapsed, we get back a phylogenetic tree with the Bayesigport of the remaining
dimension of the hypercube, which represents a split.

Dedicated software exists for analysing a Bayesian enseaflghylogenetic trees.
SplitsTree4 [27] is a software package, that provides afusgrdly graphical interface
and allows results to be saved in both graphical and Nexuslésformats. It is im-
plemented in Java and thus available across multiple ptatfoThe StatAlign software
package [28], also implemented in Java, allows sampling/ofudonary trees from a
joint distribution on trees, alignments and model paransefehe sampled trees can be
saved in Nexus format, which can be read and analysed bysB@e4 for a statistical
alignment based analysis of supported phylogenies.

3.2 Protein Structure Prediction

As genome sequencing costs continue their downward sp&qliencing of organisms
has become increasingly viable. A consequence of the isicigapeed of accumulat-
ing biological sequences is that the gap between the nunflderosvn structures and
the number of known protein sequences keeps increasingressili, there is a high de-
mand for reliable computational methods andilico estimation of protein structures
remains one of the most challenging tasks in bioinformatics

The central dogma of comparative bioinformatics methodgfoteins is that the
structures of proteins are more conserved than their amdmbsequences. Therefore
it is possible to map the structure of a sequence onto horaafgequences. However,
insertions and deletions separating two homologous seggeaccumulate, and hence,
homologous characters in the two sequences will occupyréifit positions, which
causes a non-trivial problem of identifying homologousifiass. Sequence alignment
algorithms address this problem [1, 3, 19, 32]. They mayéntiige similarity between
aligned positions while also minimise the insertions anietittns needed to align the
sequences.
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Fig. 3. Consensus network of the Glycosyl hydrolase family 22 (lysozymefepr sequences.
The sequences have been downloaded from the Homstrad data®hss{Phave been analysed
with the statistical alignment program described in [3000 phylogenies were sampled from
the posterior distribution by subsampling from the MCMC chain, samplinguhest phylogeny
every1000" once convergence had been reached. Consensus networksbteened with Split-
sTree4 [27], using the algorithm of Holland and Moulton [3l1¢ft: consensus network when
considering only splits with a posterior probability 0.1 or higher. Edges atdimean length.
Right: the same consensus network, but in this case, edges indicate count8mytdwan en-
semble.

The relationship between gap-penalties and similarityescgan be set such that
they maximise the number of correctly aligned positions reachmark set of align-
ments [33, 34]. By contrast, stochastic models are capahialtbrate their parameters
by applying a Maximum Likelihood or Bayesian approach efemibenchmark set is
available. The rst such stochastic models were Hidden Marklodels, which have
appeared in bioinformatics almost fteen years ago [2]. ifteg Kishino and Felsen-
stein introduced continuous-time Markov models for ddsog insertion and deletion
events [9,18], and they showed on simulated data that thénMam Likelihood method
could correctly estimate the insertion-deletion as welthes substitution parameters
with which the simulated data had been generated. The TKelabd@ve subsequently
been improved [10, 35], and have been tested for alignmeniracy on biological
data [10].

The other main advantage of stochastic models above altopstmeter estima-
tion is that such models can provide posterior probabslitoe each estimated alignment
column as well as for the whole alignment, and these postprababilities correlate
with the probability for the alignment column being cortgetligned [10, 26, 36].

The uncertainty in the sequence alignment can be slightiyaed by simultane-
ously aligning more than two sequences. During the last tyvgears, much effort
has been put in developing accurate multiple sequencenadéighmethods. Although
ef cient algorithms exist for any type of pairwise alignmesroblem, the multiple se-
quence alignment problem is proven to be hard. Indeed, Wadgliang proved that
the optimal multiple sequence alignment problem under time-sf-pairs scoring pro-
tocol is NP-hard [37]. Although it is not formally proved,i& strongly believed that



the statistical approach to multiple sequence alignmealgsrithmically not simpler
than score-based approaches. Since it is unlikely thatafgstrithms exist for any
type of exact multiple sequence alignment problem, heargproaches have become
widespread. Pro le-HMM methods [38, 39] align sequencea fwo le-HMM instead
of each other, and the multiple sequence alignment is aiddny aligning sequences
together via a pro le-HMM. Since the jumping and emissiomgraeters of the HMM
are learned from the data, this approach needs many seguiengerameter optimi-
sation. Furthermore, pro le-HMMs do not consider evoluigoy relationships amongst
sequences, and hence, they cannot properly handle ovessespiation of evolutionary
groups.

Iterative sequence alignment approaches have been icddior score-based meth-
ods in the eighties [40, 41] and have recently been extendedtéchastic methods
[36, 42] using the transducer theory [43, 44]. The drawbddkeoative approaches is
that in each iteration, they consider only a single, locafiyimal alignment that might
not lead to a globally optimal alignment. Additionally, teetistical methods naturally
underestimate the uncertainty of posterior probabiliieghey consider only locally
optimal partial solutions.

The Markov chain Monte Carlo (MCMC, see also Section A.2)yapph represents
a third way to attack the multiple stochastic alignment peob In statistical alignment,
itwas rstintroduced for assessing the Bayesian distidubf evolutionary parameters
of the TKF91 model aligning two sequences [45], and has gjues#ly been extended
to multiple sequence alignment [14,15,17,46-48]. Therakttteory of Markov chain
Monte Carlo [49, 50] states that the Markov chain will be ia irescribed distribution
after in nite number of random steps. Obviously, we cannatthin nite many steps in
practice, and therefore the success of MCMC methods deenfdst convergence: if
the Markov chain converges quickly to the prescribed distion, the bias of samples
from the Markov chain after a limited number of steps will lgligible. There are two
classic approaches for checking convergence of MCMC, otoerieeasure autocorrela-
tion in the log-likelihood trace or a few other statisticsloé Markov chain, the second
is to run several parallel chains with different randomtstgrpoints [51].

Since practical methods and software packages for thepteuttiatistical alignment
problem have been introduced only in the last ve-six year®rge-scale, comprehen-
sive analysis on the performance of methods for proteircatra prediction has been
published only recently [30]. In that paper, Miklé$ al. presented a survey on how
stochastic alignment methods can be used for protein sacpstructure predictions.
The authors applied homology modelling, namely they magphecknown secondary
structure of one of the sequences onto the other sequen@e{lsi best (muliple) align-
ment or the Bayesian distribution of (multiple) alignmenitse prediction can be based
on pairwise or multiple alignments and in both cases, eithira single, optimal align-
ment or the whole posterior distribution of alignments isdifor prediction. In this way,
they presented four different protocols for protein stuvetprediction. The four meth-
ods have been tested on protein structure families from @®IETRAD database [29].
This database contains 1031 families of protein sequefmesach family, a structural
multiple alignment is given, and the alignments are anedtat JOY format [52]. The
JOY format tells — amongst others — the known secondarytsies of the sequences.
They were interested in the question how much one can gaimmving more se-
quences and the posterior distribution of the alignmertts tine secondary structure
prediction.

In all cases, posterior probabilities of aligning charesti@ pairwise or multiple
alignments correlated with the probability that the seespdtructure predictions based
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Fig. 4. Top: The Maximum Posterior Decoding alignment of C-type lectin secegerstimated
from MCMC samples following the protocol described by Miklésal. [30]. Posterior proba-
bilities of alignment columns are indicated for each alignment column. Botidra multiple
structural alignment of the same sequences as given in the HOMSTRADake [29] in JOY
format [52]. Beta-strands are indicated by blue characters, alpica$are indicated by red ones.

on the alignments in question were correct. See Fig. 4 forxample of predicted
multiple alignment with posterior probabilities for aligient columns. The authors also
found that pairwise alignment methods are under-con denpiedicting alpha helices
and beta sheets, namely, posterior probabilities of algrroolumns are lower than the
actual probability that the structure prediction basedcheraignment column is correct,
while they are over-con dent on predictiryo helices,i.e., posterior probabilities for
these alignment columns are greater than the probabilitetsthe secondary structure
prediction for these amino acids is correct. Multiple afiggnt methods provide slightly
more reliable predictions about their reliability of sedary structure predictions —they
are less over-con dent 08y helix predictions.

Secondary structure predictions can be given based oresioglimal pairwise or
multiple alignments and also based on the posterior engeofiiblignments. In the latter
case, posterior probabilities are closer to the probaslithat the secondary structure
prediction is correct, especially when the structure pmtgath is based on the posterior
distribution of multiple sequence alignments.

The multiple sequence alignment is the Holy Grail of biomfiatics [53] since
what “one or two homologous sequences whisper ... a fulliplalsequence alignment
shouts out loud” [54]. The experiments show that multiplgus:ce alignments not
only highlight conserved positions better than pairwisgrahents, but they also more
reliably indicate the reliability of their prediction capéties.

11



This extra information could be exploited in three-dimensil protein structure
prediction: high posterior probabilities indicate theioeg of the sequence alignment
where the alignment accuracy is signi cantly better tham #verage alignment accu-
racy. These parts can be used as a reliable scaffold in hgynotmdelling. On the
remaining, unreliable parts, homology modelling is expddb have a low quality, and
hence the spatial structure of these regions should begeedivith alternative meth-
ods, likeab initio threading methods(g.[55-57]).

It is worth mentioning that the alignment methods appliechdbconsider any in-
formation about how secondary structures evolve. It is-ketiwn that different sec-
ondary structure elements follow different substitutioagesses, and this difference in
the substitution pattern can be used for secondary steipiadiction [58]. It is fairly
straightforward to incorporate into current statistidajament methoda priori knowl-
edge on the substitution, insertion and deletion processescondary structures, and
we expect that such combined approaches will have a bettfarp@nce in structure
prediction. Furthermore, secondary structures can begbeeldnot only in a compar-
ative way, but also using a single sequence, based on th&tisttproperties of the
amino acids in different secondary structure typesesg459, 60]. Potential prior dis-
tributions for secondary structure elements might be ddrivom such statistics and
might be used in Bayesian analysis.

The running time of the methods obviously increases withcbmplexity of the
background models, and analyses utilising such combindbads currently take too
long to be applicable for everyday use on personal computawever, the speed of
processors keeps increasing exponentially following Mtdiaw, and will soon reach
a level when it won't pose a barrier to such combined appresccMoreover, there
are also promising channels to improve the running time eftiethods. The standard
approach for statistical multiple alignment is going to bEMC, and current imple-
mentations make use of very basic tricks only, like the alignt window cut algorithm
described in Section A.3. Several groups are working on ntagkICMC alignment
methods more ef cient and achieving faster mixing, and sggmt improvements are
expected in the coming years.

3.3 Signal Prediction

The identi cation of conserved DNA sequences by compaeag@nome sequence anal-
ysis has been widely used to annotate both protein-codidgene regulatory elements
in a wide variety of taxa [61-65] . Alignment based phylogenfootprinting [66] ap-
proaches assume that regulatory elements in non-codingnegre subject to purify-
ing selection, and therefore will exhibit higher levels aihservation than surround-
ing neutral sequence. Numerous phylogenetic footprintipgroaches have been de-
veloped and successfully applied to detect conserved atgyl elements in diverse
taxa [61—-63]. A popular approach used in the creation of ehsity of California Santa-
Cruz (UCSC) Genome Browser conservation scores, phast@opkements a hidden
Markov model (HMM) with a hidden state for conserved regiarm a hidden state for
non-conserved regions [65]. Conserved elements are peedig tting the HMM to an
alignment by maximum likelihood. The algorithm, howevessames a single “perfect”
alignment, and by ignoring the possibility of alignment artainty, these predictions
are highly sensitive to both alignment errors and regionsretalternate alignments
may describe the true evolutionary history. A dependencegingle alignment may be
particularly harmful when searching for regulatory mqtgach as transcription factor
binding sites (TFBS), which are dif cult to reliably aligrue to their short lengths (6-15
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nucleotides) and tolerance for degenerate nucleotidgs R&tent studies have noted
that single-alignment phylogenetic footprinting apptteag often produce inaccurate or
inconsistent results depending on the alignment method, asel have called for new

techniques capable of controlling for alignment error andeutainty [23, 61, 68—70].

Comparative approaches that analyse an alignment distribhave been previ-
ously implemented to predict regulatory elements fromvpiae comparisons. [64]
analysed orthologous sequences from the human and mousmegiby analysing a
distribution of alignments using the Bayes Block Alignet]7although the algorithm
did not consider separate models for regulatory elementbackground sequence and
simply examined posterior alignment column probabilitig2] developed MORPH, a
framework which detects and aligns instances of known mosibeci ed by position
state weight matrices (CITE), by summing over all possilignanents of two species.
While this approach has the additional requirement thatibghdite motifs must have
been previously characterised, the authors report thdtrarsite predictions are robust
to alignment ambiguities.

[73] combined statistical alignment and phylogenetic foiviting to create SAPF,
a software package with the following features. The SAPF ehadnsiders a multi-
ple alignment HMM built by placing an HMM transducer [43] oadd branch of a
phylogenetic tree, and then doubling the number of statesadel both quickly and
slowly evolving regions. Thus, a state path through the 8APF HMM represents
both a multiple sequence alignment and an annotation of aighment column as
either quickly evolving (neutral sequence) or slowly ewody(functional sequence).

The authors demonstrate how the combined technique oatpeetl the analysis
of a single alignment when analysing both simulated dasem®dcis-regulatory mod-
ules inDrosophilaspecies. The differential in accuracy was found to be eafigtiigh
when there was uncertainty in the alignment of functiongiaes of the sequences. The
authors also demonstrate the potential for signi cant ioyement when analysing four
species compared to analysing only a pairwise alignmentiader, as the number of se-
guences to analyse increases, the number of states in the idbi&ases exponentially
and as a result, SAPF can analyse up to four sequences. Whimténtial bene t of
adding more sequence data is highly dependent on the ewaduyi distances between
species in the dataset, recent simulation studies haverdgrated how greater num-
bers of species can increase the speci city of functionair@nt recognition [70, 74].
Additionally, [74] proposed the simple rule that for a givevolutionary distance, the
number of genomes scales inversely for element length eftver, while two genomes
may be suf cient for detecting long conserved exons, thoedtéen genomes may be
needed to con dently detect TFBS.

To address this problem, Satid al. (unpublished manuscript) have created Big-
Foot: a statistical aligner and phylogenetic footprinteattworks on large datasets.
BigFoot utilises Markov Chain Monte Carlo methods to simnéously sample from
a posterior distribution over alignments and annotatidihe authors demonstrate how
adding additional sequences can signi cantly improve e accuracy, especially
with regards to sensitivity to weakly conserved bindingsitand the nucleotide reso-
lution for predicting the exact boundaries of the TFBS. Fatadets in both vertebrates
and Drosophilg BigFoot outperforms traditional alignment-based phegilogtic foot-
printing tools by correcting for alignment error and amliigur he authors also report
that the joint model improves the accuracy of the multiplgusace aligner by grouping
together long segments of weakly conserved bases to dgredigin an entire binding
site, while a naive aligner may scatter different regionghefbinding site into multiple
regions of the overall alignment.
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Fig. 5. BigFoot results for theeve stripe 2 enhancer when analysing four homologous se-
quences from foubrosophilaspecies and when analyzing ten homologous sequences from ten
Drosophilaspecies including the previous four. For each nucleotide irDthmelanogastese-
quence, Bigfoot outputs the probability that the nucleotide is part of aifumad element and is
subject to purifying selection. Experimentally veri ed binding siteddinmelanogastefor the
transcription factors, Bicoid (bcd), Hunchback (hb), Kruppel,(&)ant (gt), and Sloppy-paired

1 (sl1) are shown above the posterior probabilities Increasing the muwhbpecies in the anal-
ysis results in higher posterior probabilities in many experimentally veri edling sites, and
increases the nucleotide resolution when identifying the precise locatiptiefd FBS.

In order to contain the complexity of the overall model, b&8APF and BigFoot
assume that all sequences in an alignment column must nahi&isame annotation
as either slowly or quickly evolving. A useful improvemeatthese models would re-
lax this constraint, allowing the model to appropriatelpresent the gain and loss of
functional regions in parts of the tree. Other potential ioyements might involve an
increase in complexity of the binding site model. SAPF angFHBot model TFBS as
slowly evolving regions. While this simplistic approach legn shown to successfully
detect functional regions, more advanced models, suchssgoostate weight matri-
ces, that take into account sequence speci ¢ features ntagase predictive power if
they can be applied to multiple sequences.

4 Challenges for statistical alignment

4.1 Many Sequences

The advantage of including more sequences in an alignmesgdbiavestigation has
already been highlighted, with multiple alignment bettapttring prediction reliabil-
ity for protein secondary structure predictions [30] andwing reliable detection of
shorter features [74]. However, adding more sequencescagtly increases the com-
plexity of the alignment problem [75]. This necessitates e of heuristics, that will
make the multiple statistical alignment problem more &bl but at the expense of
only offering an approximate solution. Here we discuss tbssible approaches and
associated challenges when the underlying methodologghiéng the recursions of
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statistical alignment [13] by dynamic programming, posipg sampling based ap-
proaches to a later point.

Approximating the summation The fundamental technique used for solving (multi-
ple) statistical alignment, whether nding the optimalggment or the data probability,
is dynamic programming similar to basic score-based (pleltialignment methods.
For a data se% of n sequences dynamic programming tables of dimensiare popu-
lated with partial results. These partial results corresisdo alignments of initial parts
of the sequences i [43,76] (or, for some algorithms, terminal parts), with aegie ta-
bles capturing the different states the alignment procas$e in. This technique results
in time and, often more problematically, space requiresient (L"), requirements
that become prohibitively steep for even a modest numbexaifences. Evidently there
is no way to sidestep this complexity without eliminatinggla chunks of the dynamic
programming tables from the computation. This may stilldurce the correct optimal
alignment, but for data probability we will inevitably igre@some contributions in the
sum over all possible evolutionary histories. The chaléeisgto identify large parts of
the dynamic programming tables that can be ignored with antggligible effect on
the nal result.

Without large insertion or deletion events, at any point iplausible alignment
the fraction of each sequence to the left of the point willalisube roughly the same.
This observation is utilised in the simplest way of resinigtthe dynamic programming
tables, known abanding[77]. Here positions in different sequences are only allbtee
align if their difference is less than some predeterminashido The banding technique
is available in the HMM compiler HMMoC [78] and subsequenibed for statistical
alignment in [79]. This works well as long as all plausiblggaments fall in a narrow
band along the main diagonal of the dynamic programmingtaltiowever, as overall
insertion and deletion rates increase a wider and wider baado be applied to capture
all plausible alignments suf ciently well, diminishing étgains in ef ciency.

A slightly more intelligent way to de ne banding, buildingxalecades of progress
on speeding up score-based multiple alignment, uses amagtore-based alignment
rather than the main diagonal to de ne the course of the béigdraents are restricted
to [80]. Though banding around an optimal score-based g spine goes some
way to adapt to the input data, it will still fail when thereedarge regions where the
alignment is poorly de ned or when there are alternativeselto optimal alignments
with signi cantly different trajectories in the dynamic ggramming tables, e.g. if the
input sequences contain repeats. A fully adaptive reitricthould attempt to allow all
plausible alignments to be considered, rather than jughidents close to one prede-
termined or inferred alignment.

For real data a plausible multiple alignment will usuallguce a plausible pairwise
alignment for any pair of sequences. Conversely, if we ifieall the plausible pair-
wise alignments for all pairs of sequences, formalisedl@mment envelopeis [81],
this de nes a natural restriction on the dynamic prograngrti@bles — only consider
entries that result in plausible alignment columns in afl fwst) induced pairwise
alignments, see e.g. [82]. As we progress up through theigenhry tree relating the
input sequences, however, pairwise alignments may beaoeneasingly unreliable as
the basis for restricting the dynamic programming tables.

Despite the dynamic programming approach to multiplestiasl alignment sketched
above not being a progressive alignment method, it may barddgeous to use a pro-
gressive approach, in particular since evolution alondgth@ches of a tree is an inher-
ent part of the model. Solving the statistical alignmentfem for the full data set will
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Fig. 6. Breaking sequence dependencies. (a) If the sequence at inted®ad is known, the full
data set probability decomposes into a product of independent plitbatof the three subsets
indicated; this probability is conditional on the sequence.db) Perturbing the tree by making
node 3 an internal node allows us to decompose the unconditional dagbability into just
two independent probabilities of the subsets indicated, albeit under a ewbtiee relating the
sequences.

usually be by far more demanding than solving it for the sagas in any subtree of
the assumed evolutionary tree. Hence, it is worthwhile ignasequences of subtrees
at lower levels in a progressive manner to guide the resristat higher levels. More
formally, for any node in the evolutionary tree rst recwsiy align the sequences in
each subtree of the node, extract alignment envelopes ¢brsftree, merge the align-
ment envelopes into a restriction on the dynamic progrargrables for all sequences
in the (sub)tree rooted at the node, and nally align the seges subject to the table
restrictions. In [43] it is discussed how restrictions céorlessly be incorporated into
the dynamic programming computations, mentioning restricto a single alignment
as example. The approach also bears close resemblancesTi@éAlign algorithm for
score-based alignment [83], with alignment envelopesapd alignment graphs.

Approximating the phylogeny The reason for the steep growth in time and space
requirements of multiple sequence statistical alignmethé inherent dependency be-
tween a set of sequences related by a tree. Without knowtgdbe state of the internal
nodes in the tree, every possible column aligning positioos some or all sequences
is possible and should be considered in an exact approach. d&ps between two
consecutive positions in a sequence also correspondingihigae position, there are
£ (2"L") possible alignment columns so simply enumerating them evaatount for
the complexity of the problem in itself. One approach to wnwent this problem is
to restrict the set of alignment columns considered, asnaatlabove. This will work
for a while, but it is hard to imagine a restriction suf ciénfudicious to avoid the
exponential growth with number of sequences while stillmteihing good approxi-
mation: imagine extending a data setrofequences with one extra sequence by aug-
menting plausible alignment columns for thesequences with positions from the new
sequences — if on average each plausible alignment colusimbee than 1 plausible
augmentation, we will still see a growth exponential in thienter of sequences.

An alternative approach is to try to break the dependen@ésden the input se-
quences. If we knew the staiee. the sequence, at an internal node of the tree relating
the sequences, the alignment problem would decomposerid&péndent alignment
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problems for the subtrees attached to this internal nod€jgf6(a): due to the Markov
property of the evolutionary model, the sequences in diffesubtrees will be indepen-
dent conditional on the sequence in the internal node. Irt nases it will be infeasible
to attempt to utilise this by xing a (small set of) plausildequence(s) at one or more
internal nodes. Even ignoring variation in length of plalsisequences, if just a con-
stant fraction of the positions have two or more choicesadipible characters we would
again see an exponential growth, this time in sequenceHlen§plausible candidates
we need to consider to expect a good approximation.

For some nodes in the tree we only have one plausible sequeneever. These
are the leaf nodes corresponding to the observed sequ&wéy. perturbing the tree
to make some of the nodes corresponding to observed seguatemal, as illustrated
in Fig. 6(b), we can break dependencies without having teiden exponential large
sets of plausible sequences at any nodes. For example,.i6 fig multiple statistical
alignment problem on ve sequences is decomposed into twlegendent multiple
statistical alignment problems on three sequences.

The drawback is that we are using a different tree to relaeértbut sequences. We
can to some extent assess the effect this will have. Thepreiilignment problem is a
special case of the problem known as the Steiner tree prolgiegen a universd&J and
a set of pointsS %2 U, nd a tree of minimal length that connects all the pointsSn
In the multiple alignment casé) corresponds to all nite sequences. A tree connecting
the points inS is called ak-restricted Steiner tree if the subtrees obtained by Bmitt
the tree at all internal nodes corresponding to an eleme8t&dich contains at most
k elements fron$. So the tree in Fig. 6(a) corresponds to an unrestrictech&téiee
on the ve observed sequences, while the tree in Fig. 6(lesponds to &-restricted
Steiner tree. Constructinglarestricted Steiner tree from unrestricted Steiner trees o
subsets of at mogtelements is the state-of-the-art approach to approximatia min-
imum Steiner tree length. Robins and Zelikovsky [84] présam algorithm nding a
k-restricted Steiner tree of length at most 1.55 times thémim length of an unre-
stricted Steiner tree. The approximation ratio of 1.55 ik abtained for very large
k, though; for values ok more realistic in the multiple alignment setting the raso i
somewhere between 1.8 and 1.9. Furthermore, the problesidesad is for additive
distance, rather than probabilities that are multiplie&d &&n convert to additive dis-
tances by changing to negative log-scale, but this alsogdsathe ratio to an exponent
— the guarantee becomes computing a probability of at [@&St wherep is the true
probability of the input sequences. Still, even if the exarabability is not adequately
approximated, it may not be unreasonable to assume a stoorgjation between ap-
proximated and true distributions of alignments and modeameters.

Another consequence of promoting observed sequencestodhnodes is that all
possible alignments are no longer possible. Similarly tmgpessive alignment meth-
ods, initial choices — in this case of which observed segeenc promote — will to
some extent dictate the possible future alignments. Fomplg if we are using the
tree depicted in Fig. 6(b) to relate the input sequencegniaents postulating homol-
ogy between characters in e.g. sequences 1 and 5 but withmoltgous character in
sequence 3 will not be possible. To some extent this problégitnbe alleviated by
marginalising over or sampling a setlofrestricted trees relating the input sequences.
However, this will introduce a new challenge of extractinggpresentative alignment,
whether it is the most likely alignment or the alignment nmaising the expected num-
ber of correct alignment columns. When only one tree is usegset problems can be
solved independently for each subset of interdependeniesegs, and then using the
observed sequences atinternal nodes as scaffolds formgetggnments. With multiple
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trees we need to optimise over the combined effect, whicls doehave a straightfor-
ward solution — exhaustive enumeration of possible alignmer alignment columns
will again introduce exponentially large sets of possiieii to consider.

4.2 Realistic Models

The TKF92 model is a substantial improvement over the TKF@Heh as it allows
indel events involving more than one nucleotide. The masumptions of the model
are that

— indel events do not overlap, and
— the indel lengths are geometrically distributed.

A natural, more general evolutionary model would relax gt assumptions, specif-
ically, by allowing indel events to overlap, and by allowiag arbitrary indel length
distribution. Below we focus on relaxing the former assuomtalthough the proper
modelling of the actual indel length distribution (see ¢85]) is very likely at least
as important for alignment accuracy. We refer to this momegal model as the “long
indel” model. In its general form, no closed-form solutidrtlte outcome probabilities
are known, even for a geometric indel length distributiohe ain dif culty is that
by allowing overlapping indel events, the fates of neighbaynucleotides become en-
tangled over time, so that the probability of the total onteodoes not factorise into
individual nucleotide outcome probabilities, as is theeckas the TKF models.

To arrive at a tractable implementation of this model, soime kf approximation
is necessary. Knudsen and Miyamoto [35] develop an appitiomthat is analytically
no more complex than the TKF models: their pairwise aligninaégorithm take©(L ?)
time, wherelL is the sequence length. In fact their model is formulatechdsMM with
the same topology as the TKF models are commonly formulateahid differs only in
the transition probabilities. It is satisfying that, in ¢ast to TKF92, this indel model
is derived from rst principles, but given its similar struee, it is unclear how much it
improves upon TKF92.

An even more realistic approximation to the long indel madglossible, although
it needs computationally more demanding algorithms. 1 ffDapproximation is used
that allows each indel event to overlap with up to two otharg] allows an arbitrary
indel length distribution to be used. The correspondingvgae alignment algorithm
has time complexityD(L#), making the algorithm unsuitable for e.g. large database
searches. However, single pairwise alignments can stibo@puted relatively quickly,
and on a set of trusted alignments based on known 3D proteintste, this model
outperformed TKF92. See [10] for more details.

Another important issue is that substitutions are not iedéejent from each other.
In nucleotide sequences, it is well known that the subgtitutate of a nucleotide de-
pends on the neighbours. The most known example is that ti& @ptifs are fre-
quently methylated, making the methylated C mutate morpigatly to T. The context-
dependent substitution on its own is very hard to model, seeXample [86—88]. To
our best knowledge, there is no published model and cornetipg inference tool that
could model both context-dependent substitution and flesedeletion process.

In case of proteins, the substitution rate depends on thendacy structure [58]
and also on the interaction amongst amino acids that are gidbe three dimensional
space. Since such amino acids might be at different positiorthe sequence, it is
again extremely hard to develop a computationally traetatbdel. Indeed, even mod-
elling the substitutions are very hard, and the statisiidatence of such a model needs
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Markov chain Monte Carlo methods, since analytical sohgifor the proposed model
are not known [89].

In case of RNA sequences, the substitution rates are diffénesingle and dou-
ble stranded parts. The base-pairing nucleic acids are@wesl which can be easily
modelled with a dinucleotide substitution model, if the@®atary structure is known.
However, adding structure-dependence to the insertitetide process is not easy at
all. For two sequences, Holmes introduced a model and qguneting algorithm for
likelihood calculation [90] that has subsequently beerebrrated [81]. However, this
model aligns sequences to a Stochastic Context Free Graimstaad of explicitly
modelling the sequence evolution of RNA sequences [91]s @liows an accelerated
likelihood calculation withO(L 2) running time, wheré is the length of the sequences.
This is a signi cant improvement compared with the runniimge of an algorithm that
calculates the likelihood for an explicit model. The rurmtime of this later algorithm
is O((L1L2)3), which is de nitely computationally intractable.

5 Conclusions

Although statistical alignment has made enormous progresscent years, its clear
superiority over optimisation based alignment methods alakes it imperative that it

takes on further challenges, where methods haven't beeglafmd yet. There are at
least 6 major areas to be pursued: aligning very large nusnifesequences, possibly
even thousands; aligning complete genomes, preferablgrigepairwise alignment;

local statistical alignment; combining statistical aligent with annotation problems;
more realistic substitution and indel models; Lastly, cority statistical alignment

with other data types than sequences and using existingl&dge. In more detail,

work in these areas should address the following:

1. Aligning a large number of sequences is a necessity, siegelarge number of
sequences will be available and it will be ideal to analy$elaia. Even when the
problem at hand could be solved by analysing a smaller nuofisquences, it is
convenient that the smaller subset is selected by an digoehd not by a laborious
series of analysis and re-analysis by a user.

2. Many applications focus on complete genomes and takirigchastic modelling
approach would here have major advantages. This can begolirsdifferent ways.
A realistic approach is to use existing tools for genomeratignt and then re-
align using the more advanced method of statistical aligrinténding the homol-
ogous regions in different genomes might be hard due to Iplesparalogs [92].
Realignment de nes a neighbourhood around a given alignraed explores that
in great depth. Such an approach is being pursued by Luntefatija (unpub-
lished manuscript). This has not been generalised to manernges, but clearly
would be feasible for at least a small handful of genomegfig genomes where
individual genes are viewed as atomic, also known as geneareangement, has
been addressed both as an optimisation problem and asstisthinhference prob-
lem. Combining the two levels of statistical alignment —eir®ns, deletions and
substitutions within genes and gene rearrangement andngpatthe genome level
—is theoretically possible, but at present likely to be cataponally infeasible.

3. The framework of statistical alignment has at presentamzept corresponding to
local alignment, which is of great value in sequence conspariand at the core
of programs such as BLAST. The natural model for this woulglimarge scale
deletions-insertions of random sequences, that woulcelédands of homology
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behind. Whether it is possible to do inference in such a maetahins to be seen
and possibly a model would have to be tailored around makimgpeitations fea-
sible. Extending the statistical alignment framework toaloalignment is a real
and practical issue in data analysis, however, for instar@n searching upstream
regions of genes for regulatory signals.

4. Annotation is one of the big areas of sequence analysisterkey categories are:
protein genes, RNA secondary structure, regulatory sigaatl nally the nature
of selection on a speci ¢ position. Normally this is done bstachastic description
of the item of annotation as a hidden structure, where thie sththe observa-
tion (sequences) depends on the state of the hidden seubtfarkov Models and
Stochastic Context Free Grammars are popular in this coréxmally a pre-
given alignment is assumed. However, in principle and tagaelvantage annota-
tion and alignment could be combined. Section 3.3 consitersimplest possible
such combination, where alignment has been combined witbtation of fast and
slow for each state. This combination is based on an appediom not an explicit
model of the evolution of a sequence with annotation. Howdae most purposes
this approximation is most likely very good. This applicatihas unambiguously
illustrated the value of summing out alignments. Thus, doimg alignment and
other kinds of annotation would be highly valuable.

5. Statistical alignment has proven so computationallylehging, that investigating
goodness of t of existing models has had second prioritypfgsent this prioriti-
sation seems justi ed. This is equivalent to the statemiatt, it is better to anal-
yse many sequences with a slightly incorrect model, thansieguences with the
correct model. However, at some point details about thetgutisn and insertion-
deletion process must be re-investigated and the stalisteanework of statistical
alignment required again to prove its worth by answeringstioas about these
processes unanswerable by optimisation alignments.

6. The analysis of most biological problems, will use a vigra approaches and in-
creasingly a “sequences only” approach will be a raritygAinent and modelling
of sequences with no perceived annotation of relevaneehaving no function,
is of limited interest. For functional sequences, expentakdata relating to this
function may be available, and formulating models comlgrsaquence evolution
with functional impact of sequences can signi cantly sggfren inference. For in-
stance, co-observing expression levels could be verynmdtve when looking for
signals controlling mRNA expression. Other obvious exaspf this would be
knowledge of transcripts for protein gene annotation, Ipaéeng information for
RNA structure annotation and ChlP-on-chip informationregulatory signal an-
notation.

Other areas of extensions could be suggested, but at leastwould be too hard to
address by anything but heuristic means for the foresedathbiee. One example could
be combining alignment and recombination, replacing thautonary tree relating
sequences with structures capturing recombination. Bbémpmena are important in
viruses and virus analysis could bene t from a combined tsofu However, each of
these problems are current challenges in their own right, eitempts at combining
them may seem overly ambitious at the present time.

Modelling and algorithmic advances will only be of value h@ tcommunity if it
results in exible and user-friendly software. Making seftre that integrates all com-
ponents will be a major, but necessary challenge. The presekages took years to
develop and can handle at most 15 sequences and are in desedlon the most basic
models (TKF91/92) and possibly simple rate heterogen€lgarly, what is needed is a
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software organisation that can be improved as new modelalgndthms are described
and as new modules are written. StatAlign [28] takes sonsstethis direction, but
much more is needed.

The continued rise of statistical alignment will be vereirgsting to follow. Starting
with the Needleman-Wunsch algorithm in 1970, the scoredapproach had almost
total dominance for three decades. Statistical alignmelyt arose as an idea in 1986
[93], but was initially of little use and formalised by a basnodel containing several
aws. In the early 1990s Thorne, Kishino and Felsensteirotiticed more satisfactory
models [9, 18]. Usefulness was still limited by dif cultiés introducing even more
realistic models and the lack of a multiple sequence saluttidden Markov Models
were introduced into sequence alignment in 1994 [2], buttiotally non-evolutionary
way. Around 2000 breakthroughs in multiple statisticagjaihent and discovery of the
use of HMM and transducer theory in model development sawsieeand research in
statistical alignment take off in a major way. We are clearily at the beginning of this
revolution in sequence analysis.
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A Technical Appendix

A.1 HMM Connections

Both the TKF91 and the TKF92 models can be transformed in@iraHidden Markov
Model, see Fig. 7 for the pair-HMM representing the TKF92 elodhe transition and
emission probabilities of the pair-HMM are parametrisethwhe parameters of the
TKF92 model, and for any pair of sequend@sandB, the emission probability ofA

as root sequence amigl as derived sequence by the pair-HMM equals the observation
probability of A andB in the TKF92 model. Moreover, the Viterbi path of the pair-
HMM represents the most likely alignment of the two sequsricehe TKF92 model.

Fig. 7. The TKF92 model [18], interpreted as a Markov models the insertion rate!, is the
deletion rater is the parameter of the geometric distribution of inserted and deleted fragme
and (t) = % Emission probabilities of charact¥r to the root sequence and/or char-
acterY to the derived sequence are given by the continuous-time substitutice! nfade TKF92
model: the probability of joint emission of two characters equals the joirgrebtion probability
of two characters in the substitution model and single emission follows thibeigun distribu-
tion of the substitution process.
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Holmes and Bruno [17] showed how to construct a multiple-HMé&&cribing the
evolution of an ancestral sequence and its descendantgireyan an evolutionary
tree. Rather than giving a rigorous proof why this stoclegstocess can be described
as a multiple-HMM, we explain it on a simple example for thseguences, see Fig.8.
The extension to any number of sequences and evolutionegystiould be obvious,
although the technical details are quite tedious.

First, note that each path from the start state to the ene statesponds to a mul-
tiple alignment. From the start state, the chain rst jumpstsilent state next to the
state emitting a character to all sequences. This jump rmdteths” emanating from
the immortal link. Eventually, after considering indepentinsertions on each branch
of the star-tree, the process reaches the rightmost stkstiet svhere a decision is made
whether there is a new root birth. If there is, a decision Witk transition probabilities
® andlj ® decides on which branches this nucleotide survives, aftecwsubse-
quent births associated to the surviving nucleotides drednced. It can be veri ed
that the path probabilities equal the probabilities that TiKF91 model assigns to the
corresponding alignments, a task we gladly leave to thearead

In the same vein, TKF92 can be extended to multiple alignmenttrees. The
simplest way to do this is by adding self-transitions to tfa¢es deleting a root sequence
character on one or more branches in the HMM of Fig.8, as wae & the deletion
state in Fig. 7. This xes fragmentations over the entirelpggnetic tree, so that indels
cannot overlap even if they occur on separate brancheg)ycla@ating undesirable
correlations between independent subtrees. A better mhads obtained if the three-
state TKF92 HMM is used as building block on each of the braschnd communicate
sequences (not fragmentations) at internal nodes. Holmesduced the concept of
transducers, or conditionally normalised pair HMMs ddsiag the evolution along
a branch, which provides an algorithmic way to constructtiple-tHMMs on a tree
[43,44]. This leads to an HMM with the same number of statdsedisre, but one that
allows overlapping indels as long as they occur on separatehes.

A.2 Theoretical Background of MCMC

The optimal multiple sequence alignment problem with sdfpairs scoring scheme is
proven to be NP-hard [37]. Although a similar proof does nastefor the case of mul-
tiple statistical alignment, it is a strong conjecture tina multiple statistical alignment
problem is also NP-hard. Therefore, there is little hopeaféast algorithm that guar-
antees optimal multiple alignment in a statistical aligninamework. In lieu of ex-
act deterministic algorithms, stochastic optimisatiorthods, especially Markov chain
Monte Carlo methods have been widespread. The Markov chamté/Carlo methods
construct a Markov chain that converges to a prescribedision. In case of statisti-
cal alignment, this prescribed distribution is typicaletjoint posterior distribution of
multiple alignments, evolutionary trees and model paranset

The Metropolis-Hastings algorithm Metropoliset al.[49] published the rst Markov
chain Monte Carlo algorithm that was investigated by Hastifb0], hence called the
Metropolis-Hastings algorithm. The Metropolis-Hastirdgorithm is used to construct
a Markov chain that converges to a prescribed distributimver state spacg. The
algorithm can tailor any Markov chain to convergéAdf the following characteristics
are true for the Markov chain:
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Fig. 8. Multiple-HMM describing the evolution of three sequences related by arstey-under
et o

the TKF91 model. The following abbreviations are used= €', = Fem e T

i.er !
% wheret; is the length of the branch descending to veiiter the phylogenetic
tree. Big circles are states that emit the column shown according to thelyingesubstitution
model; R, X, Y and Z represent characters in the root sequence atitr&e observed sequences,
respectively. Small circles represent silent states. See also [17].

— If the Markov chain can step tp from x, then it also can step to fromy. More

formally,

8;y2S:T(yjx)60 ) T(xjy)6o0 (14)
whereT (yjx) is the probability that the chain moves to stagegiven that it is in
statex.

— The chain is irreduciblg,e. there is a path with positive probability between any
pair of states. IP is the transition matrix of the Markov chairg. T(y j X) = Pyy,
then this property can be formalised as

AT pn ®
8x,y2S9n: 1,P"j1, 60 (15)

wherel, is a vector containind in coordinatex, and0 in all other coordinatesl
denotes transposition, ahd j ¢denotes scalar product.

The Metropolis-Hastings algorithm is comprised of two stéffhe rst step is called
proposal in which a randony is drawn from the conditional distribution(¢i). In the
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second step, a random decision is made to decide whethert dhen@roposed is
accepted. A random numbaris drawn from the uniform distributiotd [0; 1] and the
next state of the Markov chain ysif
V2o 7!
v min 1 ZTXyY)
TYAX) T (yix)

otherwise the next state of the Markov chain also willxbét is easy to show that the
so-generated Markov chain converges to the prescribethbdigon ¥4 seee.q.[94].

(16)

Partial importance sampling Since the target distribution of MCMC is typically a
high-dimensional, complicated, non-Euclidian space, gheposed new state of the
chain is usually drawn by a series of random decisions. QGuesely the same state
y sometimes can be proposed fronin several different ways, and hence it is not so
easy to calculatd (yjx) which is, by de nition, the sum of the probabilities of the
possible series of random decisions that yigldeom x. When calculating this sum is
computationally demanding, it might be worthwhile takingalternative approach. If
y can be proposed fromin several ways, for each possible waythere is a backpro-
posal wayw yielding x fromy, and the mapping from proposal to backproposal ways
is a bijection, then the Metropolis-Hastings ratio in E¢g)(tan be replaced by
Ya Ya

min 1 7T wy) 17)
" YAX) T (y; wjX)
whereT (y; wjx) denotes the probability that stayeis proposed fronx by way of
w andw is the backproposal way correspondingwtoA proof that the Metropolis-
Hastings ratio in Eq. (16) can be replaced with the ratio in @) without changing
the stationary distribution of the Markov chain can be foimflL5].

One situation where we may nd several ways to propose orte §tam another
state is when the states of the Markov chain are describedcisrs, and the proposal
procedure rst chooses a subset of the coordinates befareidg random new values
for the selected coordinates. If the procedure allows nduegadentical to old values
to be drawn for one or more selected coordinates, any supsréiee changed coor-
dinates could have been the selected coordinates. A bifebtween proposal and
backproposal ways can be easily constructed, however, f@gagnt of the set of se-
lected coordinates. The procedure of rst selecting a ramdabset of coordinates and
then updating the selected coordinates is cdfadial Importance Samplinfl5], and
can be viewed as the discrete version of Green's Reversiloig MCMC [95].

A.3 MCMC in Practice

A case study for MCMC on the TKF92 model Since the joint distribution of align-
ments, trees and parameters is a high dimensional distrittiat is too complicated for
direct, analytical inference, Markov chain Monte Carlo,[8@] has been used for sam-
pling from the posterior distribution. One of the key quess here is how far we can go
with the analytical calculations. For the biologically $e®liable, but computationally
more tractable TKF91 model [9], Luntet al. developed a fast algorithm [14, 15] that
calculates the likelihood of an evolutionary tree and a ipldtsequence alignment of
observed sequences. A similar fast algorithm in the casbeofTKF92 model is un-
known, and hence, more data augmentation is necessary wirkimg/with the TKF92
model.
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This data augmentation includes sequences associate@ totémnal nodes and
pairwise sequence alignments of neighbour nodes assb¢ttke edges of the evolu-
tionary tree. Since the likelihood of substitution everas be ef ciently calculated with
Felsenstein's algorithm [20], only the distribution of ahbtional likelihoods are stored
— also known as “Felsenstein's wildcards” [17] — at internaties of the evolutionary
tree. We call this structure axtended alignment

In the paper of Miklot al.[30], the Markov chain performs a random walk on the
space comprising the following components:

— Edge lengths of the tree

— Model parameters

— Extended alignment, described above
— Tree topology

The applied Metropolis-Hastings moves change one of thgoooents randomly, each
component selected with a xed, prescribed probabilityt tvas chosen to maximise
the mixing of the Markov chain.

Standard techniques were used for modifying edge lengtigparameters in the
model, see [15]. Changing the alignment is the most timesgning event, since the
running time of proposing a new alignment is proportionahi® product of the lengths
of the aligned sequences. A possible solution is modifyinly a part of the alignment
(“subalignment”), which decreases the running time of thige of proposal. Although
it also decreases the mixing of the Markov chain, the ovpeafiormance of the Markov
chain in terms of total computational time improves [15,4%]e subalignment is spec-
i ed by a subtree and by the rst and last column of the seldctdignment region
(“window”) of the root node of this subtree. This window isterded to all nodes on
the subtree, thus selecting a partial multiple alignmentivkhould be altered. How-
ever, since the Markov chain walks on extended alignmenitsai non-trivial question
how to propose a random subalignment in a way to maintainehersibility of the
move, which is required by the Metropolis-Hastings aldorit see Eq. (14). The trick
lies in the observation that if the borders of the selectatlaiv at the root node are
marked with the neighbouring Felsenstein wildcards #ratnotwithin the window,
then regardless of insertions or deletions at the beginoirend of the new alignment,
the same window will be available for selection in the newmainent. Hence, the orig-
inal alignment will be available for (back)proposal fronethew alignment. If, on the
other hand, the rst and last Felsenstein wildcandthin the window had been chosen
to indicate the borders of the window, the proposal mightahetiys be reversible — for
an example, see Fig. 9(a).

The distribution of window lengths is set such that the etgecunning time of
an alignment changing step in the Markov chain grows appratély linearly with the
lengths of the sequences.

Sequences are iteratively realigned on the selected sulitiein the selected win-
dow. In each iteration, the new alignment is drawn by the odaBackward sampling
algorithm [26] with a pair-HMM with ancestral states (“HMM3see Fig. 10. We opted
not to use the pair-HMM corresponding to the background msitece that would have
seven non-silent states, while the model applied has only states after null-cycle
elimination. This reduction of the number of states causgsead boost of a factor of
four to the calculation of proposal probability of the aligent change. The deviation
from the TKF92 model did not cause low acceptance ratio feralignment changing
moves.

Nearest neighbour interchanges (NNI) were used for aliettie topology as de-
scribed in [25], which transform a rooted subtree in the wagws on Fig. 11. Since
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Fig. 9. (a) If the window borders are indicated by the rst and last ancesehddnstein wildcard
within the window (indicated as underlined), a proposed alignment couliddea situation from
which the original alignment could not be obtained by the same rulest. it vindow borders
are indicated by neighbouring ancestral Felsenstein wildcards thab@&angthin the window and
will not to be realigned, no possible alignment will lead to such a situationttere will always
be a positive probability for backproposal of the original alignment.

the alignment looses its validity after a topology chanpe,dix affected sequences on
the quartet are realigned after each nearest neighbouclistege move — the ve pair-
wise alignments are obtained by rst aligning A and F to G gsihe HMM3 shown
above, then S and D to P the same way and nally P to G using tind4daM.

Fast partial importance sampling for changing tree topologes When the tree topol-
ogy is changed in the above-mentioned MCMC, the extendephraknt has to be
changed, too, since a new tree topology might be inconsiatiémthe current extended
alignment. Drawing a new alignment tak€L 2) running time, where_ is the av-
erage length of the sequences. Nevertheless, new aligaraentproposed using the
Forward-Backward sampling algorithm [26], which needscsgdeepresentation of real
numbers to avoid under ow errors, and hence it is a relagigédw algorithm. Instead, a
faster method has been implemented by Nov&él. [28] based on local realignments,
explained below.

Inconsistency happens at insertions and deletions, whitedfogous positions are
indifferent to topology changes. Therefore if one woule it use NNI (Nearest Neigh-
bour Interchange) operations to change the tree topologynaght think that it suf -
cient to realign those segments of the extended alignmemttich insertions-deletions
happen. However, new homologous positions might arisexdugalignment, for which
the reversibility rule in Eq. (14) would not hold. Therefpeenon-zero probability for
realigning homologous positions is required.

Having discussed this, the proposed algorithm for topolclggnge is working as
follows: An internal edge is selected uniformly, and twodam subtrees are chosen,
one for each end of the selected edge. An NNI operation iopegd by swapping
these two subtrees. The internal edge de nes a quartet {eesubith four leaves). The
characters that are homologous on the quartet are markeavitina small probability
they are selected for realignment. All non-homologous tpwss are also selected for
realignment. The selected positions de ne a set of windowthé extended alignment
that have to be realigned. This set of windows de nes the wagvastate in the Markov
chain is proposed. After realigning the selected windols, dame windows can be
selected with non-zero probability in the new alignmentideethe backproposal to the
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Fig. 10.The pair-HMM that is used to realign sequences of the selected sultiakruns,p was
set t00:99 andq was set td):6. Emission probabilities followed the corresponding substitution

model.

F F

| |
G G
/N — /N
VAN VAN
S D A D
Fig. 11.Effect of a single Nearest Neighbour Interchange step on a roobtesuAn NNI move

changes the sibling (S) of a daughter with her aunt (A). F, A, S and Danayay not be leaf
nodes.

original alignment has non-zero probability as requirelde Bmount of time spent on
the realignment is

12(f) (18)
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where the sum is over the windows andl(f ) is the length of the window. Since the
sum of the length of the windows is less than or equal to thgtleof the extended
alignment, and the extended alignment typically gives tiseumerous windows, the
running time of this protocol might be signi cantly less ththe time needed to realign
the entire sequences. The modi ed Metropolis-Hastings iatcalculated as speci ed
in Eq. (17), which also signi cantly reduces the computagbtime. Indeed, the transi-
tion probability T (yjx) might be tedious to calculate due to the combinatorial esipto
of possible sets of windows that might be selected for raatignt, but subsequently not
changing the alignment in these windows.

According to experience, this new protocol not only decesabe time needed for
one MCMC step, but it also increases the acceptance raticos&ilple explanation
for this is that the alignment is changed only with a smallbatality if no change
is necessary. If the entire sequences were realigned, agabpomprising a preferred
topology change and an accidentally unlikely novel aligntmaight be rejected due to
the unlikely alignment part. Since only a part of the aligmtnis changed, the chance
to perturb the alignment in an unfavourable way is decredSedhermore, the win-
dows where insertions and deletions happened are changegrwbability 1. If the
sequences can be aligned better in these windows on the eevtopology, the pro-
posal kernel will propose this new alignment with high prioitity.
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